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obitnt  static  pcsnurs  In  pounds  par  squsra  foot 

nozzla  basa  proa  sura  In  pounds  psr  squsra  foot 
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distance  of  e  point  on  the  Jet  sheet  from  the  nozzle 
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DAVID  TAYLOR  MODEL  BASIS 
UNITED  STATES  NAVY 
WASHINGTON,  D.  C. 

THEORY  OF  THE  ANNUIAR  NOZZLE  IN 
PROXIMITY  TO  THE  GROUND 

by 

Harv«y  R.  Chap  Ho 
SUM4AKY 

A  simp la  theory  ia  praaantad  for  the  effect  of  ground 
proa laity  on  th.  fore,  acting  on  a  actionary  bogy  conclnln6 
a  doraard-bloolag  annular  no.al.  around  th.  parlphary  of  it. 
baa,.  Th.  raaulta  ar.  found  to  b.  In  agreent  -1th  W.rl«nt.l 

data. 

INTRODUCTION 

K.f.r.nc.  1  pent,  «p«rlcnt.l  data  -ho-lng  that,  -han 
an  annular  notal.  1.  axhau.t.d  to-.rd  th.  ground  fro.  a  abort 
dl.tanc.  abov.  th.  ground,  a  po.ltlv.  pr.a.ur.  build,  up  on  th. 
baa.  ar.a  .ncloa.d  by  th.  nonl.  ao  thac  tha  body  conclnlng  th. 
not,..  axp.rl.nc..  an  up«rd  fore,  con.ld.r.bly  grct.r  than  th. 
the  of  th.  J.t  ltaalf .  *  .!*»  ^cr,  1.  pr.a.nt.d  In  th. 

pent  eport  to  account  for  th.  ...antlal  fctur.a  of  thi. 

phenomenon. 


I 
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AMALTSIS 

The  d«Ulli  of  a  flow  Involving  an  air  jot  with  turbulent 
expansion  and  entrsiiaenc  of  secondary  air  are  quite  coup  lex 
and  have  been  satisfactorily  approximated  mathematically  in  only 
a  feu  very  special  cases.  The  salient  property  of  a  jet,  however, 

«r 

is  its  momentum;  and  aany  problems  Involving  jeta  can  be  treated 
satisfactorily  by  taking  account  of  the  aoaentust  only,  neglecting 
the  other  features  of  the  jat  flow.  This  technique  will  be 
employed  here:  it  will  be  essuaed  that  the  Jat  sheet  is  thin 
and  noomixing. 

TWO-DIMENSIONAL  CASE 

Consider  e  plate  of  width  b  and  infinite  length  to  bo 
situated  above  end  parallel  to  th*.grouad  at  an  altitude  h  above 
It,  with  a  jat  of  momentum  j  per  unit  length  being  exhausted 
vertically  downward  from  each  edge  of  the  plate.  If  these  Jets 
stagnate  on  the  ground,  a  pressure  equal  to  the  total  pressure, 
p . ,  of  the  jets  will  tend  to  build  up  in  the  space  enclosed 
between  them;  but  when  the  pressure  inside  this  space,  p  +  Ap, 
rises  above  the  ambient  pressure,  p,  the  jets  will  curve  outward 
along  an  arc  of  radius  R  defined  by  the  balance  of  static  and 
centrifugal  pressures 


Ap  -  j/R 


1 


A 

Z 

1 


4 

I 


•o  that  tha  primary  thrust,  7j»  ef  tha  jata  la  augmented  by  the 
factor  (1  ♦  —^g).  If  tha  initial  direction  of  tha  Jata  la  not 
vertically  down,  but  inclined  at  an.  angle  from  tha  vertical. 


than 


Ap 


.  a  .  J  a  -  .i.  «#> 


J{1  -  sin  9  \ 

l  -  2j  COS  4  ♦  - r -  b 

O  u 


and  th«  augmentation  factor  la 


1  -  sin  9 


A  •  2j  *  C°*  %  + 
This  factor  is  a  maxima  whan 


9  m  9  m  -tan 
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The  MgMQUtloa  factor,  togathar  with  tha  nkai  of  I  ,  la 

•opt 

plot  tad  in  Figure  1  for  •  •  0  and  •  »  •  .  It  la  aeem  that 

opt 

a  considerable  advantage  accrual  from  operating  tha  Jata  at  tha 
optima  angle.  For  example,  with  tha  plate  at  an  altitude  of 
one -quarter  of  tha  plate  width  tha  augmentation  factor  la  4.24 
with  tha  Jets  at  tha  optiaue  angle  of  -63*4*  aa  coopered  to  3.00 
with  tha  jet*  vertical.  Tha  question  of  jet  stability  should  b* 
mentioned  at  this  point,  inference  1  reported  that  whan  tha 
annular  nozzle  tested  was  raised  above  a  certain  height  from 
tha  ground,  the  annular  jet  "collapsed"  into  a  round  Jet  before 
striking  tha  ground,  in  which  case  tha  basa  experienced  e  nega¬ 
tive  Ap,  making  the  augmentation  ratio  less  then  unity.  This 
phenomenon  Is  certain  to  be  influenced  by  tha  Jet  angle,  *o, 
end  nay  have  an  important  bearing  on  the  extent  to  which  the 
theoretical  advantage  of  operating  at  optimum  0q  can  be  realized. 
This  question  will  be  discussed  in  a  later  section,  but  further 
experimental  study  will  be  required  to  arrive  at  definite, 
reliable  conclusions. 

It  might  also  be  well  at  this  point  to  consider  briefly 
the  difference  between  the  ideal  Jet  flow  (thin,  nonmixing  Jet) 
which  has  bean  assumed,  end  the  flow  which  will  exiet  in  a  real 
situation.  The  principal  difference  arises  from  the  tendency 
of  the  jet  to  entrain  the  surrounding  air  into  itself.  Thue, 
whereas  the  ideal  Jet  becomes  tangent  to  the  ground  without  a 
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1 
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tUtMtloi  point,  the  rail  Jet  will  isplnge  at  a  shallow  angle 
ao  that  a  part  of  tha  Jat  air  la  fad  back  into  the  cavity  to 
replace  the  air  which  la  entrained  frow  the  cavity* 


Me 2!  He  tv  Fi 'n v 

The  practical  difference  between  the  real  and  Ideal  flows.  In 

terns  of  the  relation  between  the  augmentation  ratio  and  h/b, 
will  be  negligible  so  long  as  the  lmplngencnt  angle,  e,  la 
snail. 

AXIALLY  SYMMETRIC  CASE 

Consider  a  disc  of  radius  r  to  be  situated  above  and 

o 

parallel  to  the  ground  at  an  altitude  h  above  It,  with  an 
annular  jet  of  total  nonentum  J  being  exhausted  downward  fron 
the  perimeter  of  the  plate. 


I 

I 


fc  •  • 


-r- 

Aa  in  the  tm-dlatuiooal  c«M»  t  potitlvt  praiturt  will  bell4 
up  in  the  cavity  fonwd  by  the  disc,  the  Jet,  end  the  gvoued; 

t 

and  the  Jat  will  curve  outward  until  it  becomes  tangem c  to  the 

4 

J 

ground.  ! 

ANALYTICAL  AFP10XIMATX0B  —  Aa  bafore,  the  radius  of  curvature, 

R,  is  da fined  by 

dp  -  JA 

where  J  ia  the  aonentua  flux  per  unit  "length"  (length  being 
matured  along  a  horizontal  eircwfarence)  of  the  Jat;  that  Is, 

J  -  J/2*rr 

Defining  the  initial  Jet  strength 


J.*sr  • 

o 


then 


whence 


i  - 


R-k  - 

dp  r 


The  equivalent  expression  in  the  two-dimensional  case  is 

r  .  ^ — 

AP 

where,  in  this  case,  j  is  constant  along  the  jet.  Therefore,  It 
is  possible  to  apply  the  two -dimensions'  results  (with  appropriate 
rescaling)  directly  to  the  axially  symmetric  problem  under 
conditions  such  that,  along  the  free  surface  of  the  jet, 

Vr“  1 


'/W/JNi  l*  ?  —  -1 


This  condition  lo  e  tried?  satisfied  if 


h/rO  «  1 

but  the  approximate  solution  will  actually  giv*  reasonable 
anawera  ovar  an  Important  part  of  the'  ranga  of  practical  interest. 
Under  this  approximation, 

^  2wr  R 
o 


R  ^h/(l  -  sin  8o) 

Defining 

Fb  -  no‘ 

2Fba  J  E2  <l  ■  ,ln  V 


The  couL  life  It  given  by 


L  -  J  coe  0  +  F. 

o  ■> 


1  -  sin  0 


«J  |  COS  0  +  — rrr 

o  2h/i 


in  e  \ 


The  augmentation  factor  is 


1  -  sin  9 


A  -  L/J  «r  cos  9  + 


V 

end  the  optimum  jet  angle  is 


o  2h/ 


in  9  \ 
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Figura  1  chut  gives  che  approximate  eogneotatioa  tor  Che  ex  telly 
sycsaetric  cese  directly,  if  the  ebcciatet  ere  interpreted  to 
be  veluet  of  h/r^  rether  then  of  h/b. 

GRAPHICAL  APPROXIMATION  —  The  rediut  of  curvature  of  the  Jet 
sheet  in  e  eeridien  plene  in  the  axially  symmetric  cese  wee  given 


This  can  be  rewritten 

R 


2*r  Ap  r 
o 


where 

.  p  -  R/ro 

1  -  r/rQ 


Given  the  augmentation  factor  and  0^,  the  dimensionless 

m 

altitude,  $  -  h/rQ,  can  be  determined  approximately  by  a  very 
simple  graphical  procedure.  While  this  procedure  becomes  rather 
laborious  if  an  accurate  answer  is  sought,  its  consideration 
facilitates  a  clear  understanding  of  both  the  exact  solution. 
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derived  in  the  next  section,  end  the  conditions  under  vhich 
the  approximate  solution  is  acceptable. 

The  graphical  solution  is  made  possible  !/y  dividing  q 
into  increments  and  assuming  that  the  part  of  the  jet  path 
lying  within  a  given  Increment  is  satisfactorily  represented 
by  an  arc  of  radius 


where  is  the  mean  value  of  t)  within  the  Increment;  that  is, 
the  value  of  q  at  the  center  of  the  increment.  The  solution 
may  be  made  as  accurate  as  one  pleases,  by  talcing  the  incre¬ 
ments  -of  q  sufficiently  smell. 

The  procedure  is  illustrated  in  Figure  2,  for  the  case 
-  -ir/4,  augmentation  factor  -  2.41,  taking  increments  of 
0.05  in  q.  The  Jet  path  corresponding  to  the  analytical 
approximation  is  also  shown  in  Figure  2  for  comparison.  Note 
that  the  analytical  approximation  is  equivalent  to  choosing 
one  large  increment  of  q  (having  its  center  at  q  -  1)  which 
Includes  the  entire  free  path  of  the  jet.  The  graphical  approx 
imation  is  thus  the  more  exact  of  the  two. 

Some  refinements  of  the  procedure  outlined  above  are 
obvious,  but  will  not  be  discussed  since  the  graphical  approx¬ 
imation  is  not  proposed  as  a  practical  techniqua. 
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EXACT  SOLUTION  —  The  aquation*  defining  tha  path  of  th«  Jot 


art 


df 

3V 


1 

R 


2F, 


_b  r 
J  r? 


r  «  r  + 
o 


I 


air*  0  da 


vhara  9  la  tha  angle  of  inclination  of  tha  jet  at  any  point 
maasurad  (poaltiva  outward)  from  tha  vertical  in  a  Meridian 
plane,  and  a  ia  the  curvilinear  diatanc*  from  the  nozzle  to 

the  point  measured  along  the  jst  in  a  Meridian  plane. 

1  r. 


!ci 


/ 


;-7 


/ 


Tjttj}  7  //■//>  /7/7ZT^r'V//^7 


In  addition  to  the  dimensionless  quantities  p,  q,  3,  already 
defined,  the  following  parameter*  will  be  Introduced: 


The  equations  now  become 


I 


A 

i 
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d«  I  * 
35*  p  , 


c 


1  4.  I  sin  ® 

'o 


•nv,  .olutlou  .ought  1.  th.  r.Ltlou  b.tw..n  f>.  “4  «■ 

dlmetuloaU*.  .Ultud..  1.  U  «U»d  »  th.  .ho,.  .,«»  •* 

equations  by:  0 

£  «  f  cos  9  do 

■'o 

r9~*/2 

^  m  j  co»  ®  d o(S) 

J‘-9o 

Differentiating  th.  first  two  hiuoutionl...  .hov. 

with  respect  to  o  gives 

d*e  1  dij 
3  P  do 

&  -  sin  0 
do 

These  equations  combine  to  the  single  equation 

D  4  sin  ® 
do7  P 

d0 


Multiplying  both  sides  by  2  d0  do  i 


d9  d.  (d6)  d0  .  |  8ln  e  dd 
2  do  do  'do'  p 


J 
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Integratlag, 


/d0\*  2 

(do)  "  ‘  P 


co«  t  -f  const. 


Evaluating  tba  constant  from  tha  Initial  conditions, 

« •  -  o.  £  -  » -  *. 


/  d0  2  I  2  „ 

( 35/  '  '  ?  CM  *  V  *  5  M,  o 


d8  IT  f 
do  -  7  p  7' 


r  ' 

cos  0  +  —  -  cos  0 

O  20 


do  -  /§ 


d0 

/cos  0  +  “rr  -  COS  0 

J  O  20 


The  expression  for  £  can  now  ba  introduced  to  give 

/ 


J  )®-ir/2  cog  g  d0 


v/2 


rs 

-  y! 
v  2 


cos  0  d0 


e„  *  k  - cos  9 


This  Is  Che  desired  solution,  reduced  to  quadratures.  Unfortu¬ 
nately,  tha  result  of  the  Integration  Indicated  cannot  be  ex- 
pressed  in  closed  fora  using  elementary  funcclons.  The  inte¬ 
gration  Is  readily  performed,  however,  by  any  of  several  numerical 
procedures. 

It  will  be  recalled  from  the  approximate  analyses  that  the 
optimum  value  of  0Q  is  always  negative.  Confining  our  attention. 


» 
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Chan,  co  Cho  rang* 

8  <  0 
o  ^ 

1C  will  bo  no  Cod  choc  tho  lntagral  hot  o  real  voluo  only  i£ 

(eo*  *o  +  *  1 

*  1 
Thio  oriooo  from  tho  fact  that,  if  (coo  ^ )  <  1,  tho  thoory 

prodicCo  that  Che  jot  will  converge  on  the  axia  at  tho  angle 

6  m  cos  _1  (coo  »o  + 

This  resulc,  implying  a  stagnation  point  in  the  jet  on  the  axis. 
Is  inconslstenC  with  tho  mathematical  model  assumed  and  is  with¬ 
out  interest  in  Che  present  discussion. 

Note  that  the  term  (co*  0  +  i-)  is  equal  to  the  aug- 

O  Zp 

mentation  redo.  A: 

A  ■  L/J  -  Co*  0  + 

o  dp 

The  solution  can  thus  be  rewritten 

~  _  1  fn/2  coa_0_d0_ 

2  7A  -  C0»  9o  J Q  VA  '  C0$  0 

O 

In  the  limiting  case,  A  -  1,  the  jet  will  converge  on  the  axis 
asymptotically,  ao  that 

aa  A  — ►  1  ,  (  — —  • 

This  resulc  le  of  academic  interest,  st  least,  since  it  shows 
that  the  ideal  axially  symraatric  jet  (unlike  the  two -uiraens iona  1 
case)  will  support  a  flnitt  positive  Ap  (when  <  0)  even  ac 
great  altitudes. 


It  will  be  noted  that  tba  integrand. 


cot  • 


corf  • 

it  symmetrical  about  8  -  0. 
Therefore, 


r*/2 

cos  8  d 8 

r*/2 

cos  0  d? 

•6 

f  o 

j  cos  8  d0 

Jg  Ja  -  coc  8 

n  v 

“J  o  \/a  -  cos  0  +  - 

*  0  v'  A  *  co*  8 

Thus  the  labor  involved  in  evaluating  i  can  be  reduced  to 
negligible  proportions  by  tabulating  a  single  function,  say 

.8 


g(A,  0)  -  f 

■J 


cos  8  dO 
Ja  -  cos  0 


r  o  <  9  <  w/2 
|  A  >  1 


G(A) 


j.w/2 

'Jo 


cos  8  dO 


/A  -  cos  0 

The  desired  solution  would  then  be  simply, 
J _  fc(A)  +  g(A,-ej] 


{ - 


2  JA  -  cos  8q  L 


9  <  0 
o 


C(A)  -  g(A,eo)j  «o>0 

Values  of  the  required  function  are  presented  for  a  few  values 
of  A  in  Figure  3* 

Figure  U  presents  sore  results  from  the  exact  theory  in 
the  form  of  cons cant-sugmenta cion  contours,  as  functions  of 


•a 


> 

■i 


i 

i 


I 

* 

:| 

i 


•it* 

9  and  h/r  .  and  plots  of  augmentation  factor  versus  h/r  for 
o  o  o 

9  m  o  and  •  -  •  .  Augmentation  factor  curvoa  according 

°  °  °opt 

to  tha  approximate  theory  and  according  to  an  approximate 
analysis  (aaa  Appendix)  of  experimental  reeulta  from  Reference  L 
are  also  presented,  for  comparison.  It  is  seen  that  the  theory 
is  in  reasonable  agreement  with  experiment  and  that  tha  approx* 
irate  and  exact  solutions  do  agree  satisfactorily  at  low  values 
of  h/r^. 

tha  experimental  curve  la  Figure  4  happens  to  agree  almost 
exactly  with  the  approximate-theoretical  curve.  This  expsri- 
mental  curve  vai(  itself,  derived  from  Reference  1  (Appendix  A) 
by  sn  api  jxlmate  method,  however,  and  it  should  not  be  concluded 
that  the  approximate  theory  will,  in  general,  give  more  realistic 
results  than  tha  exact  theory. 

EFFECT  OF  INCIDENCE 

If  tha  stationary  nozzle  is  not  parallel  Co  the  ground, 
but  tilted  at  an  angle  o  to  the  ground,  the  flow  picture  becomes 
somewhat  altered. 


To  avoid  confusing  the  definitions  of  parameters,  ths 
nozzle  will  be  considered  to  be  horizontal  and  the  ground  to  be 
inclined  at  an  angle  a.  The  flow  pattern  and  aerodynamic  forces 
sre,  of  course,  the  seise  in  this  esse  as  if  the  ground  were 
horizontal  and  the  nozzle  inclined  at  an  angle  a. 
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TWO -DIMENSIONAL  CASE  —  It  is  apparent  from  the  sketch  that 
If  the  jetc  arc  of  equal  strength  and  angle,  and  the  pressure 
(p  +  Ap)  is  constant  within  the  cavity,  it  is  no  longer  possible 
for  both  jets  to  cone  tangent  to  the  ground.  The  pressure 
(p  +  Ap)  will  adjust  itself  until  the  jet  from  the  "high"  side 
of  the  plate  cones  tangent  to  the  ground,  and  the  jet  from  the 
"low"  side  wili  impinge  on  the  ground  and  split  into  two  parts, 
the  inward-deflected  part  eventually  merging  with  the  Jet  from 
the  high  side.  The  pressure  rise,  Ap ,  in  the  cavity  is  thus 
defined  by  conditions  at  the  high  side  of  the  plate: 

Ap  -  j/R 

h*  -  R  1  -  ain(a  +  6  )  ] 
h'  -  h  cos  a  -i-  b/2  sin  a 

_  hcos  a  +  b/2  sin  a 
1  -  sinfa  V  ) 


4 
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j  *  -  ♦  •«,) 

Ap  "  h  .cos  a  +  (b/2h)  sin  a 

The  augmentation  factor  la  tfaua 

i  ^  1  -  aln  (•  ♦  «0) 

2}  “  coa  9o  *  (2h/b)  coa  FTTln  o 

Sine*  the  mm  result  applies  no  Matter  which  aide  of  the  plate 


la  high,  a  is  always  taken  to  be  positive. 

AXIALLY  SYMMETTIC  CASE  —  A  rather  coop lies  tad  situation  arises 
when  the  axially  symmetrical  annular  nozzle  la  placed  above  a 
ground  at  incidence.  If  It  la  assumed  that  a  uniform  pressure 
rise  will  occur  la  the  space  enclosed  between  the  Jet,  disc,  and 
ground,  it  is  seen  that  the  pressure  rise  is  limited  to  that  Ap 
which  the  nost  vulnerable  part  of  the  jet  (that  is,  the  part  of 
the  jet  originating  at  the  highest  point  of  the  nozzle)  is 
capable  of  sustaining.  If  this  part  of  the  jet  comes  tangent 
to  the  ground,  all  of  the  other  parts  of  the  Jet  will  impinge 
on  the  ground  at  a  finite  angle  and  split,  part  of  the  jet 
leaving  the  point  of  impingement  in  an  outward  direction  along 
the  ground,  and  part  inward.  Whereas  this  inward  motion  of 
part  of  the  jec  created  no  special  problem  in  the  two-dimensional 
case,  it  has  disturbing  implications  in  the  present  case,  since 
the  .award-directed  part  of  the  jet  is  converging  on  itself. 

If  the  assumption  of  s  thin,  nonmixlng  (inviacid)  jet  were  main¬ 
tained,  an  extremely  complex  flow  would  establish  ltsslf  insids 


Che  cavity,  and  the  «?f\apclon  of  constant  pressure  Inside  the 
cavity  would  be  contradict**.  The  mathematical  difficulty  can 
be  resolved  by  adnlttlnv  viscous  action  between  the  jet  end  the 
ground;  the  initially  thin,  highspeed  jet  will  then  lose  its 
notsentun  after  only  a  short  contact  with  the  ground,  and  the 
assumption  of  constant  pressure  within  the  cavity  can  be  justi¬ 
fied.  This  pseudo-ideal  jet  flow,  which  manifests  no  viscous 
interaction  with  Che  air  past  which  it  flows  in  its  free  path, 
but  which  does  manifest  viscous  action  after  contact  with  the 
ground,  is  certainly  a  closer  approximation  to  the  real  flow, 
in  the  case  of  incidence,  then  the  completely  ideal  jet  flow 
considered  up  to  now.  It  mist  be  acknowledged,  however,  that, 
in  the  case  of  a  real  annular  jet  at  incidence,  a  very  con¬ 
siderable  quantity  of  air  will  be  recirculating  through  the 
cavity  and  escaping  along  the  ground  under  the  most  vulnerable 
part  of  the  jet.  The  theoretical  solutions  cannot,  therefore, 
be  expected  to  give  equally  reliable  estimates  of  the  real  behavior 
as  in  the  case  of  zero  incidence. 

As  In  the  case  o  «  O,  an  approximate  solution  for  the 
axially  symmetric  case,  valid  at  slight  Incidences  and  at  low 
altitudes,  can  be  immediately  extracted  from  the  two-dimensional 
solution.  The  result  is 

&p  - 1  -  Sin  (O  +  9a) 

2*t  h  cos  a  +  r  sin  a 
o  o 
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1  -  aln  (g  ■»  *n) 

A  —  co.  0  ♦  2h/rQ  co.  a  ♦  2  sin  a 

If  the  exact  eolutloa  1.  desired,  the  following  rule  lc  applied 
in  lieu  of  generalizing  the  previous  exact  solution: 

The  augmentation  factor.  A,  for  en  annular  nozzle  with 
initial  jet  angle  &Q,  at  an  altitude  h/r^  above  a  ground  in¬ 
clined  at  an  angle  a,  bears  the  following  relation  to  the  aug¬ 
mentation  ratio  A'  for  an  annular  nozzle  with  initial  jet  angle 

(0  f  a)  at  an  altitude  (h/r  co.  o  4  sin  a)  above  a  level 
'  o  o 

ground: 

A  -  A*  -  cos(9  -t-  a)  cos  9 
o  o 

or,  stated  more  concisely, 

A(6o.  1)  -  A'(0^,  -  COS  0o#  4  CO. 

where  9*  m  0  4a 

o  0 

*  h'/r  -  t  cos  a  4  sin  o 
o 

Theoretical  curve,  of  augmentation  factor  versus  h/rQ  for 
0°  and  15*  incidence  are  compared  in  Figure  5  to  curves  derived 
from  the  experimental  results  of  Reference  1.  It  is  seen  that 
the  theoretical  curves  are  in  qualitative  agreement  with  experi¬ 
ment,  but  the  quantitative  agreement  is  not  as  good  with  inci¬ 
dence  as  without. 

’’ANNULAR"  N0Z2IX  OF  ARBITRARY  PLAN  FORM 

The  approximate  method  of  calculation  can  be  applied  inzne- 
diacely  to  a  nozzle  of  urbitrary  plan  form. 
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As  before,  Che  balance  of  acadc  and  centrifugal  pressures  at 
a  point  on  the  free  Jet  la  given  by, 

*>  J°  r° 

**  •  r  t 

where  r^  is  the  local  radius  of  curvature  of  the  nozzle  in  plan 
view,  and  r*  is  the  horizontal  distance  of  the  point  from  the 
vertical  axis  through  the  local  center  of  curvature  of  the 
nozzle. 


If 


then 


pr  «  1  - 

o 

ir 


If  the  jet  is  of  uniform  strength  at  the  nozzle  exit,  then 

j  -  J/C  where  C  is  the  perimeter  of  the  nozzle,  and 

,  a  1  -  sin  ®Q 

A  ^  cos  9  +  - II- - 2 

o  hC/S 

where  S  is  the  area  of  the  base  enclosed  by  the  nozzle.  Note, 
however,  that  the  restriction 

h/r;  «  1 


is  a  very  strong  restriction  Indeed  for  plan  forms  where  the 


ff 
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einimun  radius  of  curvature  la  a  small  fraction  of  the  maxlmm 
dimension  of  the  plan  fora. 

Note  that,  according  to  the  above  approximate  expression, 
if  nozzles  of  different  shapes,  but  of  the  same  plan-form  area 
and  at  the  sama  altitude,  are  coopered  on  the  basis  of  augmenta¬ 
tion,  the  optimum  shape  will  be  circular,  since  the  circle  has 
the  least  possible  perimeter  for  a  given  area. 

When  an  exact  solution  is  ettespted  for  an  ideal  Jet  of 
arbitrary  plan  form,  a  serious  difficulty  arises.  Consider, 
for  example,  the  simple  case  of  an  oval  consisting  of  m  rectangle 
and  semicircular  ands. 


/  / 


'^77/7777777 


If,  as  before,  a  constant  pressure  (of  sufficient  magnitude  to 
bend  some  part  of  the  jet  to  tangency  with  the  ground)  ie  assumed 
to  exist  in  the  cavity,  the  parts  of  the  jet  exhausting  from 
the  sides  of  the  oval  will  behave  exactly  as  in  the  two-dimensional 
case,  and  the  parts  exhausting  from  the  ends  of  the  oval  will 
behave  exactly  as  in  the  axially  symmetric  case. 


If  the  strength*  of  the  parts  of  the  Jet  exhausting  from 


the  straight  and  curved  parts  of  the  nozzle  are  adjusted  tc 
J  and  J  ,  respectively,  in  such  a  way  that  all  parts  of  the 
jet  cone  tangent  to  the  ground,  then 

**>  "  b7?  (A»  ’  CO*  V  "  1^72  {^a  *  co*  *o 


where  Ax  and  A#  are  the  augmentation  factors  for  a  two- 
di&ensional  Jet  at  dlmensionlesa  altitude  h/b  and  for  an  axially 


syowetric  jet  at  dimensionless  altitude  h/r^,  respectively, 
(taken,  for  example,  from  Figures  1  and  k ,  respectively).  The 


augmentation  factor  for  the  oval  is,  in  this  case 


It  is  possible  to  work  out  similar  "exact"  solutions  for  many 
plan  forms  bounded  by  straight  lines  and  area,  but  none  of 
these  solutions  ere  strictly  valid.  In  Che  example  of  the 
oval,  if  one  examines  the  jet  path  in  a  vertical  plane  through 
the  diameter  of  one  of  the  semicircles,  the  jet  sheet  is  found 
to  be  discontinuous.  The  shape  of  the  jet  path  is  slightly 
different  for  the  "two-dimensional'*  and  "axially  symmetric" 
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parts  of  tba  jzc,  esd  there  will  b«  a  crack  in  Che  surface  of 
tlie  ideal  jac,  which  is  Inconsistent  with  the  assuwption  of  a 
uni  fora  positive  pressure  within  the  cavity.  Such  inconaiat- 
encies  arise  whenever  there  are  discontinuities  in  the  (plan  view) 
radius  of  curvature  of  the  nozzle. 

Despite  its  lack  of  strict  validity,  it  is  likely  that 
this  process  of  patching  together  exact  solutions  has  a  certain 
degree  of  practical  validity  and  reprasenca  rn  improved  approxi¬ 
mation.  The  real  jet  has  diffusive  and  cohesive  properties, 
due  to  the  turbulent  nixing,  which  will  tend  to  resist  the  for- 
nation  of  "cracks"  in  the  jet  sheet.  No  doubt  the  appearance 
of  s  minute  crack  in  the  ideal  jet  sheet  indicates  a  slight 
weakening  of  the  corresponding  real  jet  sheet,  but  this  effect 

should  be  small  so  long  as  the  ratio  h/r^  (r^  being  the 

min  siia 

minimum  plan-view  radius  of  curvature  of  the  nozzle)  remains 
within  reasonable  bounds,  say  less  than  one. 

This  improved  approximation  can  be  si-roarlzed  as  follows: 

1.  The  distribution  of  local  jet  strength  along  the  nozzle 
should  be 

dp  r* 

i"  o _ 

Jo  "  2(A"  -  cos  6  ) 


i'o 


dph 


l  -  sin  9 


as 


0 


where  A"  is  the  augmentation  factor  for  an  axially  aynmecrlc 


nozzle  at  dimensionless  altitude  h/r^  according  to  tha  exact 
solution. 


2.  Tha  augmentation  factor  for  tha  no  sale  under  consider* 
ation  is  than  given  to  an  lag) roved  approximation,  by 


A  cos  ®o  ^ 


where  J"  is  tha  total  Jat  momentum,  obtained  by  integrating 
tha  local  jet  strength  along  the  clrcvaference: 


f  flp  r' 

J"  ‘  JL  2(A"  -  Vo.  '4  >  dC 


With  this  substitution. 


A  «r  cos  f*  +• 
o 


/  r  ro 

S  /  J  ~(a"  -  cos  9  ) 


dC 


3.  This  improved  approximate  solution  should  be  satis¬ 
factory  for  reasonably  small  altitudes  compared  to  the  minimum 
radius  of  curvature  of  the  plan  fora,  aay 


h 


<  1 


o  , 
min 

If  the  plan-view  radius  of  curvature  of  the  nozzle  varies  con¬ 
tinuously  along  the  circumference,  as,  for  example,  in  the  case 

of  an  alllptlcal  nozzle,  this  restriction  on  h/r(  nay  be 

■in 

relaxed  and  the  "improved-approximate”  procedure  indicated 
above  yields  an  exact  solution. 
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STAB  I L ITT  OF  TH«  JET  -  CRITICAL  ALTITUDE 

IC  vaa  shown  that,  in  the  ideal  case,  the  augmentation 

factor  for  an  axially  sywetrlc  annular  'hozxle  parallel  to  the 

ground  with  9q  equal  to  or  lea  a  than  zero  la  always  greater 

than  unity  and  approaches  unity  asymptotically  as  the  altitude 

is  increased  Indefinitely.  Reference  1  shows,  however,  that 

the  real  annular  nozzle  with  B  equal  to  zero  follows  this 

o 

theoretical  trend  only  up  to  a  certain  altitude  (of  the  order 
of  one  or  two  diameters  in  the  experiments  of  Reference  1), 
called  the  critical  altitude,  at  which  point  the  augmentation 
factor  suddenly  drops  to  a  value  appreciably  less  than  unity 
and  remains  less  than  unJ  ty  (and  essentially  constant)  ac  all 
higher  altitudes.  The  explanation  of  this  behavior  lies  in 
the  turbulent  mixing  of  the  jet. 

It  was  mentioned  previously  that  the  real  jet  tends  to 
entrain  air  from  the  base  cavity.  At  low  altitudes,  this 
tendency  is  satisfied  by  a  shallow  impingement  of  the  jet  on 
the  ground,  which  feeds  part  of  the  jet  air  back  into  the 
cavity  to  replace  the  air  entrained  into  the  jet.  At  high 
altitudes,  on  the  other  hand,  even  if  atmospheric  pressure  were 
somehow  maintained  within  the  base  cavity,  the  turbulent  expan¬ 
sion  of  the  jet  would  seal  off  the  base  cavity  long  before  the 
jet  reached  the  ground. 
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Once  this  happens,  the  entrainment  of  air  fron  the  cavity  will 
tand  to  create  a  vacuum,  and,  under  the  influence  of  a  negative 
Ap,  the  jet  will  curve  inward  and  converge,  at  some  angle  0  , 
to  a  stagnation  point  at  the  axis  of  the  nozzle.  From  this 
point,  part  of  Um  J«L  air  will  be  deflected  upward  into  the 
cavity,  thus  replacing  tna  air  removed  by  entrainment,  and  the 
rest  will  be  deflected  downward  along  the  axis  of  the  nozzle 
in  the  form  of  a  "sc lid"  (nonannular)  round  jet.  An  equilibritae 
is  reached  when  the  Ap  has  fallen  sufficiently  low  to  curve  the 
Jet  sharply  enough  so  that  the  impingement  angle,  #c,  is  suffi¬ 
ciently  steep  to  deflect  as  much  air  back  up  into  the  cavity  es 
Is  being  entrained  from  it. 

The  equilibrium  value  of  Ap  depends  upon  the  mixing  prop¬ 
erties  of  the  jet  flow  and  is  thus  not  readily  susceptible  to 
calculation.  If  £p  (or  A)  is  given,  the  jet  path  can  be  calculated 

I 

I 


at  before,  for  *  pseudo-ideal  jet,  by  equating  tha  static 
prattura  difference  to  tha  centrifugal  praatura  and  ignoring 
tha  inconsistency  involved  in  having  fluid  daflacted  hack  into 
cha  baaa  cavity  (or  making  some  suitable  assumption  to  account 
for  it).  The  equations  and  the  form  of  tha  solution  are  tha 
same  as  before.  Tha  quantity  of  interest  is  x c>  the  distance 
of  the  stagnation  point  below  the  nozzle. 


It  seen>6  reasonable  to  suspect  that  x£  la  of  the  same  order  of 
magnitude  as  the  critical  altitude,  h^ ,  since  tha  type  of  flow 
under  consideration  can  exist  only  if  h  is  greater  than  x£. 
This  quantity  is  given  by 


X  /r  -  - . . ;  — 

2  sTC0 8  9o  ~  A 


-1A 
_cos  A 


cos  0  d& 
/cos  8  -  A 


Some  results  of  numerical  integration  of  this  formula,  for  8 
equal  to  zero,  are  presented  in  Figure  6.  Also  indicated  in 
Figure  6  are  the  approximate  ranges  of  critical  altitude, 
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h  /x  ,  And  of  augmentation  factor,  for  h  >  h  ,  encountered  in 
CO  c 

Che  tests  of  Reference  1.  It  Is  seen  chat  the  experimentally 
.  determined  ranges  are  quite  consistent  with  the  notion  that 

X  «r  h 
c  c 

This  is  of  little  more  than  academic  interest,  of  course,  since, 
even  if  this  relationship  were  rigorously  substantiated,  experi¬ 
ment  would  still  have  to  be  relied  upon  for  values  of  A  for 
h  >  hc»  and  so  one  had  just  as  well  rely  upon  experiment  for 
values  of  h^  directly. 

An  interesting  feature  of  the  above  concept  of  the  jet 
behavior  near  the  critical  altitude  is  the  apparent  likelihood 
of  a  "hysteresis"  effect  in  the  curve  of  A  versus  h.  It  would 
seem  likely  that  the  discontinuity  in  this  curve  would  occur  at 
a  higher  altitude  when  the  nozzle  is  raised  slowly  from  near  the 
ground  than  when  it  is  lowered  slowly  from  a  considerable  height 
(as  considered  here  and  in  Reference  1). 


V 
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Referance  1  neither  confirm  cor  denis j  the  existence  of  this 
effect.  It  will  bo  interesting  to  observe  whether  ouch  ea 
effect  Is  revealed  by  future  experiments. 

CONCLUSIONS 

Calculations  based  oo  the  assumption  of  a  thin,  nomixlng 
jet  ere  found  to  give  results  in  reasonable  agrtement  with 
available  experimental  results  and  will  probably  give  reasonable 
results  over  most  of  the  range  of  practical  Interest.  The  errors 
Incurred  in  neglecting  the  jet  mixing  become  Important  when  the 
nozzle  is  at  high  angles  of  incidence  to  the  ground  and  when 
the  nozzle  is  at  altitudes  near  the  critical  altitude.  At  alti¬ 
tudes  above  the  critical  altitude,  the  mixing  plays  a  primary 
role  in  determining  the  flow  pattern,  but  certain  features  of 
the  flow  can  still  be  correctly  represented  by  ideal-jet  calcu¬ 
lations. 

Aerodynamics  Laboratory 
David  Ta’  lor  Model  Basin 
Washington,  D.  C. 

July  1957 


-31- 


APPEKDIX 

APPROXIMATE  ANALYSIS  OF  EXPERIMENTAL  DATA 
FROM  REFERENCE  I 

The  results  presented  in  Reference  1  ere  presented  largely 
in  tern*  of  empirical  parameters.  In  order  to  convert  these 
results  into  a  suitable  fore  for  comparison  with  the  theory 
(i.e,  into  augmentation  factor  versus  h/rQ)  with  a  minimum  of 
labor,  several  simplifying  approximations  were  employed: 

1.  Figure  10«  of  Reference  1,  presenting  (in  the.  nomen¬ 
clature  of  Reference  1) 


was  assumed  to  represent  adequately  all  of  the  experimental  data 
on  which  it  was  baaed. 


2.  The  jet  momentum  was  assumed  to  be  adequately  approxi¬ 


mated,  over  the  range  covered,  by 


J  -  1.67  Aj  Pj 


-0.20 


where  P,  is  the  difference  between  the  jet  total  pressure, 

^av 

P  ,  end  the  average  static  pressure  within  the  free  jet.  This 
n 

expression,  if  applied  to  a  jet  with  uniform  static  pressure, 
implies  a  nozzle  loss  (compared  to  the  theoretical  momentum) 
ranging  from  13  percent  at  a  pressure  ratio  of  1.2  to  4  percent 
at  a  pressure  ratio  of  2.6. 
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3.  The  average  static  pressure  within  the  free  jet  was 
as  suae  d  to  be  the  arithmetic  naan  of  the  pressure  within  the 
cavity  and  the  atmospheric  pressure  outside  the  Jet.  Thus 


J.v  ■  [l~  2\?i) 

where  F^/A^  i*  equivalent  to  the 'hp"  employed  in  the  present 
report.  The  required  values  of  F^/A^P^  were  taken  froei  Figure  8 
of  Reference  1. 

With  these  approximations,  the  augmentation  factor.  A, 
was  calculated  from 

0.20  t 


/ 


.i.im 


^r/M0'15  i-A 


*\Ty 


This  result  implies  that,  within  the  range  covered  by  Figure  10a 
of  Reference  1,  the  augmentation  is,  for  practical  purposes, 
independent  of  the  nozzle  pressure  ratio. 

Reference  1  presents  sufficient  information  to  permit  the 
results  of  the  tests  of  three  nozzles  (nozzles  A,  B,  and  C 
having  nozzle  widths  of  0.101  D^,  0.070  and  0.053  Djj'  respec¬ 
tively)  to  be  reduced  by  the  above  formula.  Upon  performing 
the  calculations,  it  was  found  that  the  results  for  the  three 
nozzles  could  be  represented  (within  about  12  percent)  by  s 
single  curve  of  augmentation  factor  versus  h/D^. 
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Fen  and  ink  changes: 

Page  23:  Change  "A"  to  "2A  -  1"  throughout 

the  equation. 

Page  39,  Fig.  6:  Change  abscissa  label  "Augmentation 

Factor  A"  to  "2A  -  1". 

Change  range  "  @  0.8  <  A  <  0.68"  to 
range  "  ®  0.60  <  ( 2A  -  1 )  <  0.76". 
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